Within the framework of the Lovelock gravity theory, we propose a new rank-4 divergenceless tensor consisting of the Riemann curvature tensor and inheriting its symmetries.
Introduction
As is well-known, Lovelock (or referred to as Lanczos-Lovelock) gravity [1] is a natural extension of general relativity to higher dimensions of spacetime. Apart from the cosmolog-ical constant, as well as the Einstein-Hilbert term, the Lagrangians describing the Lovelock gravity theory involve quadratic and higher-order polynomials of the curvature tensor with the degree relying on the dimension, while the equations of motion comprise merely up to second-order derivatives of the metric tensor. In comparison with general relativity, due to the existence of the higher power curvature terms, the Lovelock gravity exhibits a series of peculiar features (for thermodynamical aspects, for instance, see Refs. [2, 3] and references therein). As a result, the Lovelock gravity has attracted an increasingly widespread attention since 1990s. Particularly, some solutions have been found in works [4, 5, 6, 7, 8, 9, 10] .
In order to interpret these solutions, an important question desired to address is to find proper approaches to define the conserved charges of the Lovelock gravity. Till now, some research has been devoted to this question [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] and several methods have been developed. Despite all this, within the present letter, we plan to provide another effective formula to define the conserved charges of the Lovelock gravity.
Moreover, we attempt to extend it to generic gravity theories involving the curvature tensor.
Quite recently, within the framework of the Einstein gravity theory described by the Einstein-Hilbert-Λ Lagrangian, a forth-rank conserved tensor that inherits the symmetries of the Riemann curvature tensor was suggested in works [21, 22] . By following the Abbott-Deser-Tekin (ADT) approach [23, 24, 25] , then it was adopted to define the conserved charges of the Eistein gravity in asymptotically AdS spacetime. In fact, if this conserved tensor is reformulated into the form involving the generalized Kronecker delta, it will be demonstrated below that it can be naturally modified as a generic divergenceless tensor in the context of the Lovelock gravity, which preserves the symmetries of the Riemann curvature tensor as well. In terms of the perturbation of such a tensor about the AdS background, we are going to propose another formula for the conserved charges of the Lovelock gravity theory in asymptotically AdS spacetimes. Subsequently, inspired with the specific example on the Lovelock gravity, we shall go further and take into consideration of the definition for the conserved charges of general gravity theories, described by the Lagrangians built from the curvature tensor. To achieve this, we are going to construct another two novel general rank-4 tensors. With help of the newly-constructed tensors, then two 2-form Komar-like potentials associated with a Killing vector can be respectively defined. The perturbation for each of the potentials on the AdS background further gives rise to a Komar-like formula for the conserved charges of the general gravity theories with AdS asymptotics. By contrast, it will be showed that our formulas for conserved charges are equivalent with the ones defined through the ADT method.
The outline of this letter goes as follows. In section 2, a new rank-4 conserved tensor will be constructed and utilized to define the conserved charges of the Lovelock gravity theory.
In section 3, we shall compare the conserved charges built from the new tensor with the ones via the ADT formalism. In section 4, motivated by the case of the Lovelock gravity, we are going to put forward another two generic tensors to give a novel definition of the conserved charges for general gravity theories built out of the curvature tensor.
2 The divergence-free tensor P µνρσ (i) and its applications in conserved charges of Lovelock gravity
In this section, we are going to propose a new rank-4 divergenceless tensor P µνρσ (i) , which depends on the Riemann curvature tensor and preserves its symmetries. Then such a tensor will be applied to define the conserved charges of various solutions with the AdS asymptotic in the Lovelock gravity.
Let us start with the D-dimensional Einstein gravity described by the well-known Einstein-Hilbert-Λ Lagrangian
Here and in what follows the generalized Kronecker delta δ µ 1 ···µ k ν 1 ···ν k is given by
ν k . The derivative of the scalar L EH = L EH / √ −g with respect to the Riemann tensor gives rise to
It is easy to verify that the tensor P µνρσ = 0. In works [21, 22] , by making use of P µν (0)ρσ , together with a divergence-free tenor P µν (1)ρσ , given by
the authors proposed a new conserved tensor
4)
to define the conserved charges of the Einstein gravity theory in asymptotically AdS spacetimes by following the ordinary ADT approach [23, 24, 25] . In Eq. (2.4), the quantity ℓ is presented by
.
Actually, motivated by the form of P µν (1)ρσ expressed by the last equality in Eq. (2.4), the conserved rank-4 tensor P µνρσ can be naturally generalized to the Lovelock gravity theory.
This will be explicitly demonstrated in the remainder of this section. Now, we consider the Lovelock-type Lagrangians L (i)
whereΛ is an arbitrary constant parameter. IfΛ = 2Λ, L (0)
L with respect to the Riemann tensor, we are able to define a forth-rank tensor P µνρσ
One can check that P µνρσ
inherits the following symmetries of the Riemann curvature tensor:
Apart from this, it satisfies the divergence-free equation ∇ µ P µνρσ and P µνρσ (0) , we put forward a new divergenceless rank-4 conserved tensor P µνρσ
For the D-dimensional AdS spacetime with the metricḡ µν and the Riemann curvature
it is observed thatP µνρσ
g µν →ḡ µν identically vanishes, which plays a key role in the construction of the formula for the conserved charges. Particularly, when i = 1, P µνρσ (1) becomes the tensor P µνρσ given by Eq. (2.4).
Next, assumed that ξ µ is a Killing vector of the spacetime with the metric g µν , we define
Perturbating K µν (i+1) on the AdS spacetime, we arrive at
whereξ σ is demanded to be the Killing vector of the AdS backgroundḡ µν . When i = 1, the quantity δK µν (1) can be written as
with the 2-formQ µν EH given bȳ
as well as the 3-formŪ γµν (1) taking the form
In Eqs. (2.14) and (2.15),P µν (0)ρσ = δ µν ρσ and the perturbation h µν = δg µν of the metric g µν is defined through
We shall see that the 2-formQ µν EH is just the ADT potential of the Einstein gravity theory described by the Lagrangian (2.1) in the following section.
Finally, supposed that there exists a subregion given by a (D − 1)-dimensional hypersurface Σ with the boundary ∂Σ, we are able to make use of the 2-form δK µν (i+1) to define the conserved charge Q (i) associated with the Lovelock gravity with Lagrangian (2.6) in this subregion. The surface charge Q (i) takes the following form
where the conserved charge Q EH can be regarded as the ADT one for the Einstein gravity theory [15, 24, 26, 27] , presented by
What is more, let us take into consideration of the conserved charges for the full Lovelock
Lagrangian L L , having the form
where c i 's denote arbitrary constant parameters. In terms of the formula (2.17), the definition Q L for the conserved charges associated with the Lagrangian (2.19) in asymptotically AdS spacetime can be presented by
which coincides with the corresponding result recently obtained through the so-called fieldtheoretical approach in [14] . As an application, the formula (2.20) can be utilized to compute the conserved charges of solutions in the Lovelock gravity theories, for instance, the ones in the works [4, 5, 6, 7, 8, 9, 10 ].
Comparison with the ADT formalism
In the present section, the formula (2.17) for the conserved charges will be compared with the one via the ADT formalism [23, 24, 25] .
In terms of the works [15, 26, 27] , the perturbation on an arbitrary background gives rise to the (off-shell) ADT potential Q µν (i) associated to the Lovelock Lagrangian (2.6), being of the form
Here the quantity δ P µνρσ (i) ∇ ρ ξ σ can be further expressed as
with the 3-form U γµν (i) given by
In Eqs. (3.2) and (3.3), h µ ν stands for that h µ ν = g µρ δg ρν . It is worth noting that the ADT potential Q µν (i) can be also obtained via the well-known covariant phase space approach put forward by Wald and his collaborators (for example, see the works [2, 3, 11, 12] ). In particular, taking into account the i = 1 case of Eq. (3.2), one obtains
This equation naturally yields the 2-form δK µν (1) in Eq. (2.13). Let us pay attention to the ADT potential Q µν (i) on the fixed AdS reference background with the Riemann curvature tensor (2.10). In such a case, Q µν (i) turns intō
(3.5)
The above equation leads to thatQ µν EH =Q µν (0) /2, verifying the above statement thatQ µν EH is the ADT potential for the Einstein gravity theory. According to Eqs. (2.12) and (3.5), the relation betweenQ µν (i) and δK µν (i+1) is read off as
This demonstrates that the ADT potentialQ µν (i) is equivalent with the superpotential δK µν (i+1) . Therefore, in the framework of the Lovelock gravity, one can conclude that the ADT formula is consistent with the formula (2.17).
The formula of conserved charges for general gravity theories
In this section, inspired with the tensor P µνρσ (i) , we are going to put forward another two generic rank-4 tensors and make use of each of them to define the conserved charges of an arbitrary gravity theory that is constructed from the curvature tensor in asymptotically AdS spacetimes.
We take into consideration of the general gravity theory described by the Lagrangian L Riem = √ −gL Riem , where the scalar L Riem is treated as a functional built from the Riemann curvature tensor R αβρσ in combination with the metric tensor g µν , that is,
Apparently, L Riem covers the Lovelock-type Lagrangians. Like in [2] , through the derivative of the scalar L Riem with respect to the Riemann tensor R µνρσ , we are able to define a tensor . Nevertheless, unlike the conserved tensor P µνρσ (i) , here the tensor P µνρσ R could be divergence-free or not. Besides, it is supposed that P µνρσ R (or at asymptotically infinity) fulfils
where k is an arbitrary constant parameter. It should be pointed out that the condition (4.3) can be always guaranteed. This is attributed to the fact that P µνρσ R can be expressed as the linear combination of the terms having the general form
As a consequence, when g µν =ḡ µν and R µνρσ = 2ℓḡ µ[ρḡσ]ν , the above expression (· · ·) µν ρσ must be proportional to the generalized Kronecker delta δ µν ρσ . With the help of the rank-4 tensor P µνρσ R , we put forward another novel forth-rank tensor P µνρσ R , being of the form
By contrast with the tensor P µν (i)ρσ , obviously, hereP µν R ρσ = P µν R ρσ g µν →ḡ µν still identically disappears, and P µνρσ R inherits the symmetries of the Riemann curvature tensor as well.
In particular, for the Einstein gravity, P µν R ρσ = −[2(D − 3)ℓ] −1 P αβ ρσ since P µν R ρσ = δ µν ρσ /2 and k = 1/2. To this point, the tensor P µν R ρσ could be regarded as the generalization of P µν
(1)ρσ in the context of the generic gravity theories described by the Lagrangian (4.1).
In parallel with the situation of the Lovelock gravity theory, we introduce a 2-form superpotential K µν R associated with an arbitrary Killing vector ξ µ , which is given by
In some sense, the superpotential K µν R can be called as Komar-like potential if it is interpreted as the generalization of the ordinary Komar potential P µν (0)ρσ ∇ ρ ξ σ associated with the Einstein gravity theory. According to Eq. (3.4), the perturbation of K µν R on the AdS reference background leads to
As before, by following the works [26, 27] , one can verify that the 2-formQ µν R is the (offshell) ADT potential on a fixed AdS background, and it also coincides with the results in [28] . What is more, in terms of Eq. (4.4), one finds that δP µν R ρσ could be generally expressed as
where λ i 's are constant parameters and the concrete expressions for δR µν ρσ , δR µ ρ and δR were given in the appendix of Ref. [27] . For instance, when λ 1 = 1, λ 2 = −4, λ 3 = 1/2 and λ 4 = 0, one obtains In terms of δK µν R , when the dimension D > 3, a formula for the conserved charges of the gravity theory described by the Lagrangian (4.1) can be proposed as a Komar-like integral 
can also be adopted to define the conserved charges. To see this clearly, by introducing the
whose perturbation on the AdS background yields
the formula (4.10) is rewritten as
As an example to demonstrate the conserved quantity Q Riem , substituting
into the formula (4.10) or (4.14), one obtains the conserved charge Q (i) for the Lovelock-type Lagrangian (2.6), which has been presented in Eq. (2.17).
Summary
In the present letter, within the frame of Lovelock gravity theory, we propose a new rank-4 divergenceless tensor P µνρσ (i) given in Eq. (2.9). This tensor is dependent of the Riemann curvature tensor and preserves its symmetries. In terms of the tensor P µνρσ (i) superpotential K µν (i) associated with an arbitrary Killing vector ξ µ is constructed. The perturbation of K µν (i+1) on the AdS background further give rises to a formula (2.17) for the conserved charges of the Lovelock gravity theory in asymptotically AdS spacetimes. Subsequently, inspired by the tensor P µνρσ (i) , a firth-rank tensor P µνρσ R (orP µνρσ R ) is constructed in the context of the general gravity theories with the Lagrangian (4.1). In parallel, with the help of this tensor, as well as its perturbation upon the AdS background, we have put forward the definition for the conserved charges Q Riem in Eq. (4.10) or (4.14), which is applicable to an arbitrary gravity theory depending merely on the curvature tensor. What is more, we have clarified that all the newly-constructed formulas of the conserved charges are equivalent with the ones via the ADT method.
